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A  NOTE  OV  CBARACTSasnCS  lUNCTIClIS  WHICH 

VAinSH  ISERnCALUr  IN  AN  INTmAL 
by 

Whiter  L.  aalth 

Some  yeere  aso^  In  eotmeetlon  with  eome  unfuibllshed  vosk  In  tbe 
theory  of  queuea,  the  queetion  arose  as  to  shether  the  charaeterlstle 
function  of  a  non-neoatlYe  xnniom  variable  eonlA  vanish  Identically  In 
an  Interval.  The  purpose  of  this  note  Is  to  aboar  that  such  a  thing  Is 
lopoeslble. 

There  Art,  of  eourae>  ehaiaeteristlc  funetlons  lAileh  vanish  Identi¬ 
cally  In  Intervals.  In  fhct  the  probability  density  function 

J  (»/gl.  ,  ^<x<+.  , 

t  X 

Is  associated  vltb  the  chazaeterlstle  function 

^  (9)  .  1  -  |9|  ,  I#!  5 

0  ,  |9|  >  1, 

idtlch  vanishes  In  semi- Infinite  Intervals.  This  charaeteristic  funetlon 
houever/  Is  associated  vlth  a  distribution  over  both  positive  and  nega¬ 
tive  valuee.  It  Is  not  clear  vhat  can  be  achieved  for  distributions 
over  positive  values  only^  althoucd^  the  following  easily  proved  theoraa 
gives  some  Indications. 

Pieoren  1.  If  0  <  <  Og  <  0^  <  . . .  Is  an  Increasing  sequence  of 

angles,  and  if  k,,  ...  is  a  sequence  of  positive  Integers, 


euad  if 
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■  ■  '  <  cs 
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n«l 

®n 

then  thi>ye  Is  a  non-negative  tmdOBi  variable  i<ho«e  chfcwicteilBtie  function 
vanishes  at  9^*  •••*  being  k^-fold^  for  all  n. 

Proof.  Let  be  a  randosi  varfsible  associated  vith  the  pz'Oibabilltar 
density  funetlon 

f  (x)  .  for  0  <  X  <  , 

“  2  n  “  “  ®n 


othenrlse. 


<Ni) 


Let  ^  «  •  •  • «  ^  be  Independent  randm  variables  distributed 
like  and  write  +  ...  +  .  Then 


(2)  iJiQ)  s 


■  e 


and 

(3) 


«  k_ 


Bln  ®  (s  oAn)  \ 
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Var  Z_  - 
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Furthensore,  In  view  of  (!)»  the  randan  variables  ^  are  voniformly 
bounded.  Thus  If  Z^,  Z^t  Z^t  are  Independent^  the  series 


S  -  C  Z. 

J-1  J 

is  alDOst  certainly  convergent,  in  virtue  of  the  three  series  theorem  and 
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(l)>  (3)>  and  {k).  The  characteristic  function  of  S  Is  evidently 

(5)  0  (0)  -  TT  t  (0)  , 

n-1  ° 

vhere  Is  Q^ven  In  (2).  Since  S  Is  non-neoative  and  0(O)  db- 

viously  has  a  k^>fold  sero  at  for  all  n>  the  theorsu  Is  proved. 

Ve  do  not  for  a  nonent  stgppose  that  Theorem  1  Is  the  strongest 
possible  result  of  Its  kind  that  can  be  proved.  It  merely  provides,  as 
ire  have  said,  some  Indication  of  the  distribution  of  tezos  ifhleh  can  occur. 
It  would  naturally  he  of  Interest  to  obtain  critical  results,  but  we  have 
been  unable  to  obtain  such.  Nevertheless  the  foUowlnQ  theorem  shows  that 
the  characteristic  function  of  a  non-neoative  random  variable  has  some 
restriction  on  the  location  of  Its  eeroe. 

Theorem  2.  If  (<(»)  Is  the  characteristic  functlcm  of  a  noo-neastlve 


k 


exists  and  is  bovmdsd  for  every  positive  v. 

Tbus,  for  V  >  0,  by  Tltehnarsh  (19W,  p.  125)»  ve  have,  for  I  *  >  0, 


(8)  9  (z)  -  J  S  ^  » 

vhere,  in  the  present  situation,  9  (u)  is  the  ordinary  limit  as  v  — >  Of 
of  «  (u  +  Iv).  Thus 

,{u)  .  JJsL  — i_  f.i”  »(,)  . 

1  -  lu  1  -  lu  ^ 

Uov  suppose  the  characteristic  funetlcn  {(u)  vanishes  identically 
in  (a,b),  a  <  b.  Then  (8)  laay  be  sevritten,  for  Is  >0# 

(9)  *<0  -  --i-  /  +  f  4 «  • 

2«1  ^  J  u  -  t 

The  rlc^t  side  of  (9)  is  a  rsQular  function  of  e  in  the  ugpper  half¬ 
plane.  It  is  not  hard  to  see  that  this  rsQular  function  can  be  analytically 
continued,  by  a  vell-knann  expansion  method,  throu(^  the  set^wnt  (a,b)  on 
the  real  axis  into  the  lover  half-plane.  Thus  d(B)  is  regular  in  an  open 
dOEaln  vhlch  contains  a  Unit  point  of  seros.  This  liqplles  that  •(£) 
vanishes  identically,  and  thus  provides  a  contradiction.  We  nay  therefore 
conclude  that  e(u)  cannot  vanish  identically  in  an  Interval. 

Ve  point  out  that  an  alternative  proof  c€  Theorem  2  can  be  deduced  from 
a  result  of  Biebexhach  (1^1  ,  p.  I96)  concerning  functl(xis  amlytlc  in 


a  circle. 
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